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1. Introduction

In this note we present improvements in the methods for treating the
Compton current and the air conductivity, for use in EMP calculations.
Specifically, we shall give:

(@) a method of treating the effsct of multiple scattering, as well
as slowing down, of the Compton Tecoil electrens;

(b) a method of treating the time lag between the production of the

primary lonization and of the tutal ionization;

(¢} a discussion of the problem of equilibration of the free elec-
trons, from the initiai ionization spectrum to the spectrum
appropriate to the instantaneous value of E/p .
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2. Slowing Down of Compton Recoil Electrons

The energy loss of relativistic electrons in moving through matter is
given by Bethe's formula (Ref. 1),

s TEa bt e

per unit track length, it is

dw _ 2nNzZe"
“ds we- 0, @

where
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In these formulae, N is the density of atoms, Z the atomic number,

e, m and v the clectron charge, vest mass, and velocity,

¢ 1is the
velocity of light, and
1 v
y = e , B = - {3}
/1-67 ¢
For air we take the effective atomic number
Z = 7.2 {4}
and the mean cxcitation potential I (Ref. 1) to be
1 = 80.5 ev . (5)

1 solving the equations of motion of a Compton recoil elzctron, onre

can take account of the energy loss by imagining that the electron experi-
ences a force directed opposite to v

, of magnitude given by the right-
hand side of Eq. {I}.

This procedure, however, dnes not yet take into

account the multiple scattering of the Compton electrons, which has the

following eifect. A beam of clectrons, directed initially in the x-direction,

is greatly broadened in angle by the scattering, so that the electrons spend

a lot of their energy moving in directions oblique to the x~direction. Eq.
(1) is correct for the cnergy loss per element of length of the actual trajec-

tory of an individual electron, but its usc with ds replaced by dx will

overestimate the average distance electrons will travel in the x-direction
before stopping.

*n the past, we have taken account of the maltiple scattering by not-
ing that, experimentally, the mean range of electrons in the Mev region is

about 2/3 of the total {or extreme™) range. We have therefore simply

multiplied the drag force (right-hand side of Eq. (1)) by a factor 3/2.

This precedure, however, gives a wrong distribution of ionization 2long the

path of the Compton electron. The icnization per umit length is proportional

E
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3

to - g%,’ and is importent because it determines the air conductivity.
Now at the beginning of a Compton electron track, the multiple scattering
has not yet had much effect, and multiplying Eﬁ— by 3/2 overestimates
the ionization per unit length. Similarly, the ionizatien density is
underestimated near the end of the range. In EMP from high altitude bursts,
the peah electric field tends to come whern the Compton electvons are near
the beginning of their range; an overestimate of air conductivity by a

factor 3/2 may lead to an underestimate of the peak electric field by the
same factor,

Obvicusly, we need a treatment in which the multiple scattering is
allowed to buiid up along the trzjectory.

3. Multiple Scattering of Compton Slerntrons

We shall use the simple form of multiple scattering theory due to Williams
{Ref. 2], which wiil be adequate for our purpose. According to this theory,

the mean squared angle 8Z of an initially collimated beam increases with
distance traveled as

487 gaNzZe® . .
d? = YZm!v" 123 LG)
where
M
{2) = £n (e' . (7)
min

Here Bm*n is the minimum angle of scattering, below which the scattered

angular distribution falls substantially below that given by the Rutherford
formulae. For scattering by neutral atoms, as in our case, ewin is deter-
nined by the screening of the nuclear charge by the atomic electrons. Far

the Fermi-Thomas atomic model, Mott and Massey (Ref, 2) give

0.0153 z3/?
& {8}
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Then

@ - oo () (9)

in Eq's, {6) and (7} ve have departed slightly from stardard theory,

in which 9% is the mean square angle in only the gaussian part of the
angular distributon. Then the argument of the logarithm in Eq. (7)

.comes (Gljﬁmin

which the scattering is multiple. However, we are using 32 as the mean

) , where ©; depends on s , and is the angle below

square angle of the entire angular distribution, in which case the argument

(2/6

min) is correct {Ref. 3).

Eq. (6) is strictly correct only when 87 is small, where successive

scattering angles add linearly. Consider, however, the obliquity factor

1
cos B

e
H

. (10)

This factor relates the differential track length ds to the distance dx
in the direction of initial collimation,

ds = n 4x . (11)

For small & ,

e -

so that Eq. (6) becomes

dn anz2e®

For large mean angles of scattering, this equation has the virrue that near
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the end of the range, where n will become infinite, the mean cos 6
will become zero, according te Eq. {10); thus all correlation to the
initial direction is lost., This is a desirable result, whereas having
87 become infinite (as results from Eq. {6)) is not. We shall there-

fore use Eq. (13) instead of Eq. (6}, and note that N starts at unity
for an initially collimated beam.

4, Mean Ranue of a Collimated Beam

Suppose that we have a monoenergetic beam, coilimated in the x
direction, entering a slab of material. Then the equaticns €or the change

in kinetic enegy W and obliquity factor n (we drop the bar on 1) are

dn

'}
~
g
g
-
%
]
3
E
i
H
:
3
1
g
b
2
2
%
i
v
H
:

= ° £(¥; n , {14)
dw )
ix = -g(W) n , (1%)
where
. 4mNZety? .
f("{) = (mcz) 3 (Yz.r} ) Z {2} ] (‘6}

gy - ZNe Y 3 (7)

me {y*-1)

Dividing Eq. (14) by Eq. (15} and using

L W e Bt B e LnL w23 e P e B bR SR WA

K = {y-1) mc? . (18)
we find
- _2z o [2)
dn = 7 %TT-dY (19}

Now, it turns out that the ratio

.
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.12
rooz {-1-} (20)

is very nearly independent of energy W or vy . For example, for air (see
Eq's (4} and (5)) we find:

¥ Y r
51 Kev 1.1 0.3&2
255 Kev 1.5 0.2606
511 Kev 2.0 0.269
1.02 ¥ev 3.0 0.270
1.53 Mev 4.0 0.271

Ciearly, for our purposes, T can be taken as constant. We shall use the
values,

b 4
n

0.269 in air s

(21}

-
]

0.276 in alurinum .
‘T = 15Qev for aluminum)

With the zpnroximation of constant [, [Eq. (19} can be integrated
directly, with the resulr,

. 1. (Ya-1) (y+1)
noo= 1ezran [gespatd . (22)

Here vyg 1is the value of y for the initial energy of the electrons in
the beam.

On using Eq. (22) in Eq. {15), one can integrate (numerically) to
find the mean range including the effect of multiple scattering. We have
done this for aluminum, and also nave calculated the extreme range, which
is obtained by omitting the factor n in Eg. (15). In Fig. (1) we compare
our results with data of Marshall and Ward {Ref. 4) on the rransmissicn of

etectrons through foils of aluminum. In the figure, the solid curves
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represent M:rshall's and Ward's measurements ¢f the fraction of initial
eizctrons transmitted as a fuaction of thickness of the fnii, for various
starting ¢lectron energies from 0.32 to 1.69 Mev. The squris plused on
ke abscissa are at the extreme ranges computed by s usiry the Brrhe
formula dizesxtly; the agreement with the end points of the cxperimental
curves is very goo.. The circies placed on the experimental curves are at
the mean ranges computed by .5 using Eq's (15) and (22). Our theory wouid
be well verified if the circles also represented the mean abscissae of the

i B ALY 1y R B A i s e h R e

experimental curves, We consider the agreement between theory and data to
be quite adequate for our purposes.

In Sec. 5 we shail combine this treatment of energy loss and multiple

scattering with equations of motion for the electrons in the presence of
; fields. Before turning to that task, we record in Table I the mean and
extreme vanges of electrons in air, as cemputed from the asbove theory,
since these results arec of general interest.

Table §
Ranges of Electrons in Air

T e T

vt Al £t de Bt Loyl s NI T G2 B D LA T L LR M S LS LA i W e 3

g Kinetic Ennrgy Mean Rangs Fit to Extreme Range

: W, Yev Ry g/ cm® ¥ean Range Re, o/cm?

0.05 0.0030 8.0029 0.6045

! 0.1 0.0036 0.0100 0.0157

0.2 0.030 0.032 0.050

0.5 0.126 6.125 0.198

1.0 0.304 0.308 0.489
2.0 6.711 0.695 1.085
- 5.0 2.01 1.89 2.78 ;

R HET I
FPRPIF N PR RE P

it may be useful to note that the mean range can be fitted, over the
energy range in the table, by the simple formula

5] e

Y

R, ruy

2 0.40 W2 . .
Ralge/em®) = G5ovw {23)

o
4

Table 1 also contains values computed from this formula.
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5. Eguations of Motion_ in Presence of Electromagnetic Fialds
1

We shall now write equations of motion for the Compton recoil electrons, E

R -+ 3 . !

in the presence of electric and magnetic fields E and B, and taking %
account of energy loss and multiple scattering. ?
\gl

d

If no account were taken of multiple scattering, but energy loss were &

included, the equations of motion would be

i
e AT M A

> > -+

%:- = - el lEd»%x ﬁ]-grw)-il%]- , (24)
5

X o= 3 (25)

AP e A e R ol

Here g(W) 1is the enmergy loss function defined by Eq. (17), T is the

s os . : +

position of the electron, t is the time, and p 1is the electron momentum.
) > -+

The relations between p and v and W are

-+ -
LA B , W o= Jp2cimic’ - me? . {26}
/pZemic?

Integration of Eq's {24) and (25) would lead to precise trajectories, with

the electrons being deflected by the flelds and slowed by the energy loss
term.

Now consider the multiple scattering. Since we have already accounted
for energy loss, it is necessary only to account for the fluctuations in
the angles of E , without additional changes in the magnitude of E .

The result of the many small and random changes &p (with 6; 1.;) will
be to make & probability distritution in 3 . The value of 5 calculated

O it TR LT R, B

FPPR SRR (RE VR L

from Eq. (24), without scattering, will be the central 5 of this distribu-

L e

tion, and the distribution will tend to be over momenta having the same
magnitude, as in Fig. (2a), although the electric field 7 can leid to
situations as illustrated in Fig. (2b).
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Figure 2. Relation of central momentum P
to distribution at a given time.

Therefore, we retain Eq's (24) and (26) for the central momentum.
The average velocity of the distribution, however, is less than the value

appropriate-to ; » by the mean obliquity factor n . Therefore, we ;
replace Eq. (25) by :

j=N
]
3=

(27}

-
where v is calculatei from Eq. (26) from the central momentum. The equa- .
tion for n is taken over from Eq. (14),

dn
it = v £{W) (28)
Repeating, we take the equations of motion to be Eq's {24), (26), (27) E

and (28). The Comptcn current contributed by an electron {really a distribu~
tion of c¢lectrons) is taken us

.ﬁh_‘.-.*.y‘(“'-o_ﬁ..-:‘.‘w..ﬁr_‘- AN

> - ;
:'? = - .-].E]_ .c-i£ = - _IE_L 1 (2 9} .
g c dt c T : .

|

- The time rate of production of ion pairs by the electron is taken ag :

5 :

- 12

e
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dl
dt

v g/, (30)

Lo L e P P o L
g

where w, 1is the energy expended per i< - pair.

Notice that the equatiors of motion chosen above reduce to Eq's (14)

;‘ and {15) in the absence of fields. For in thar case the central momentum
; will remain in the x direction if initialiy pointed in it, and from Eq. f
i .
é. {27) we find,
: )
dx = = dt . 31
4 n (1)
? Thus Eq. {(28) immediately reduces to Eq. (14). Further, since
:

O

dw

vVedp (32)

Eq. (24) reduces to Fq. (15).

In some cases, it is convenient to use the retarded time {r = distance
from burst point),

T
G, = t-o , (33)

rather than t in the equations of motion. The change to retarded time is
accomplished through the relation

dr
de, = dv- = . (34)
% v
) vy
_ - ( - nc)dt (34)

“Herxe v, is the radial component of the velocity cumputed from Eq. (26).
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6. Change in N Due to Fields

e ALY b

Eq. (28) shows how T increases with time due to the mulziple scatter-
ing. We shall see now that additional changes in 1 occur if the electric N
&
field has a component Ey parallel to the central p .

PR R P PR ST

b P e

First, it is clear that the magnetic field, and the component E) of
k3 + - *
3 the electric field perpendicular to p cause no direct change in 0

L

. In
i Figure 3 let the solid vectors represent central and extreme momenta

FIRPE PRI SR

(YR

AT B P

A e

(a) {b)

LRI A L LN LN

Figure {3) Chonye in momento induced by a force, {a) perpendi-
cular to B, and (b} entiparatiel 1 3.

il et B

L

initially, and the dashed vectors represent the same after action of a

perpendicular force in (a} and an antiparallel force in (b). In case @)

P T T

the entire bundle of momenta is deflected, but the argular spread is not
changed in first order. But in case (b) the angular spread obviously

increases. If the force were paraliel to ; » the asngular spread would
decrease.

FIHE IR

For a given momentum in the bundle of momenta, let Py ke the com-
ponent parallel to the central momentum,

PP PF RINPEEY R

and p; the perpendicular com-
ponent. The angle 8 this momentum makes with the central momentun is
given by

PUR TR P

tam® = p/p . (35)

TR e,

N PUTERY . VA P}

1k

E
B,

LW W ey

i

|
|
|
.i‘
E
E
|



From Eq. (10) one can find, by trigonometry,

tan 9 = /nZe1 . {36)
Therefore,
P, \ ‘
n = =1 e 1 . (373
Py 7

lLet there be an electric field I, parallel to the central ; . Then the
equations of motion ave

dp,
i
w = el B,
(38)
d?L
-
Then, differentiating Eq. (37) with respect to time yields
2 :
91-! . . p_L f’p" p" Iel ni_l E_ll
dt n dt n Py
2. E*p
= jel (n ~l)-—-}-}-2f'- ) (393

. . +
where, in the last line, p is the central 3 .

Therefore, to include the effects of both multiple scattering and E

it ?
Eq. (28) must be replaced by

dn _ ’ 2_ E -
e = VI + fe] (n IJ—FQB . (40}

7. Spatial Spreading of a Beam

As a result of the angular spread in velocity induced by multipie
scattering, an initially collimated beam will 2lso spread in space, around

L

. e el b
. AT er 2 3
o T e D R et el AR L i e




the central point determined from the equatiens of motion derived above.
We shall discuss this spreading in an approximate way, valid when the
angulsr spread is small, and in the absence of fields. We shazll use the

¥
5
3
E
&‘ .

Boltzmann cquation, which determines the evolution of the distribution
function ¢(;,3) in phase space,

b il s

BT PRy

; +V -9 =  collision terms (41)

oA O

i 10 i‘n'e';.,_'..-a\.-':‘_: iy

The collision terms have two effects. First, the magnitude of the

Fl

R s aididiadie

velocity v of a given particle is graduzily decreased with time. The
average decrease in v corresponds to the energy loss given by Eq. (1}.

There are alsc fluctuations in the eanergy loss, which give rise to a spread

"1
1. ]

in the magpitude of v at a given time; this in turn gives rise to a

sy irer

spread in positicn of the particle at a given time. However, this spread

in position is less important than that induced by fluctuations in the
- * - - N
direction of v , which we discuss below.

T Ty i v‘:._.-a.:q_'v Lot g e

Therefore we shall assume that
the magnitude v decreases smoothly with time, and ignore the sp~cad ir

v . However, we shall give below an estimate of the effect of the spreau

m v .

it Y

A

The other effect of the collision terms is to cause fluctuations in the
. . >
direction of v .

L
b

2
wed
=403
L=,
7
b
A
Iy
=
3

Because the scattering angle per collision is predominantly
R . > . . .
very small, the spreading ia dircction of v can be treated in the diffusion

approximation, with

: collision terms = @ ?92 . 42
4
B
5 Here Vaz is the angulsr part of the Laplacian cperator in velocity (rather
u;; than cvordinate} space, and ~ is (one fourth of) the mean square scattering
1? angle per urit time. This quantity has already been used in Sec.'s (3} and
K (4) sbove, and in fact we have (as will be verified below)
4\’ -3 = v
By afsec™ = §-f[w} . (43)
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We now choose o Cartesian coordinate system in which the x-axis is
paralliel to the initial velocity of the collimated beam. We introduce

two-dimensional vectors for the two othogonal directions, defining

th

X2
]

(y,2) » (%;-, %;) : (44

For the velocity, & will denote the angle between V and the x-axis.
When 8 is small, it can be thought of as being composed of a deflection
ﬁy in the y-direction and a deflection Bz in the z-direction. (Two num-
bers are required to specify the direction of the velocity.} Thus we may

regard 8 as a vector,

5 = (8,0 g2 = A (45)
y' 2 ’ g 36y 367 y

-

The velocity then has components, to first order

92
v (1 - 5—) parellel to x-axis

<
If

(46}

v v§ paralle: to yz plane
=
(Note that v here is two dimensionai, and will be until further notice.)
In this notation, the Yolczmann equation becomes

- e 2, L f -
%%-w(x,r,ﬁ,t} + ¥ (I - %—) %% + VB Vi = ¢ ?92 ] 147)

In this equation, v is understood to decrease smoothly with time; a also

changes with time, from Eq. (42). We shail normalize the initial P to

unity,

J/;(x,?,g,o)dr dt

i
St

dxdydzd8_d6 . (48)
Yy 2

By integrating Tq. (47) over phase space, it follows that ¢ is so normal-

ized at all times,
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g‘f fw(x,?,ﬁ,t)dr T (49)

&
3
7
R
be
".
I5i
£
;

We have assumed here that ¢ and its derivatives vanish fcr large values
of its arguments.

The average vslue of x at time t |is

x(t) = fx ${t)dt . (50)
Multiplying Eq. (47) by x and integrating over phase space, we find

d = 6> 9%

x5 = vfi-Pea - v (-F) . (51)

Similarly, multiplying Eq. (47) by 62 and integrating, we find

52

Q.ln-‘
=+
1%
o
4
-~
=

(52)

Comparing this result with Eq. (28), we see that Eq. (43) is verified.

Let us now calculate the spread in x . Note that

82T

(x-x)¢2 = X&-X* . (53)

Thus we need to calculate x2 . Multiplying Eq. (47} by x? and integrating,

we find
PP i RO .
3T X = v xit 3 = 2v - (54)
Thus we read to find X827 . In the usval wav, we find
{55)
T S TR R Y DR
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Now we need 6%

, Which is determined by

%

d 3% . 16e¥ (563 4

qat 3

3

These relations may be condensed a bit by noting that §
d —= d dx ——F =7 %

e Ax? = 2 %% o Py = = 2 _ 2 - 5

it Ax a * 2x I vix 8 x6% 1} . G7) %

3

The quantities on the right here have to be found from Eq's (,1}. {527,
{55), and (56). All of these equations have to be Intenrated taking into

account the dependence of v and a on t

PN

It is inmstructive, however,
to obtain an approximate answer by regarding v and O as copstants,
One then finds

AR

¥ -

& = dat ’ (58)
X o= ve(eat) (58)
7 = 320, (60
A R X CO K (61
& o= foenzer = fer-mro (62)

From Eq. {62) we sce that the spread in
by which X falls behind vt ,
there were no scattering.
the curves of Fig. (1}.

x is compariole with the amount

the position the particle would have if
This result is ir suvbstantial agreement with

) e B AR Kl AL L
Py ,_“-N..qm;ammwﬁmmm.wsw-mﬂﬂw‘m wdriii

We are also interested in the lateral spread of the beam.

To this
end, one caiculates from Eq. (47),
d —x z.7 -
I r2 = 2v ger ’ (63}
d 33 . vE . (64)
dt
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in the approximation that v und o are constants, these equations
integrate to

35 = 20vt)(at) , (65)
7 = 2(ve)?(at) , (65)
o= T = 2T = w)a) . (67)

One sees that tne lateral spread builds up more rapidly than the spread in
the x-direction,

If we had considered the fluctuations ir the magnitude of v , there

e
b

would have been an additional term in A

§{&x%)

u

we)® 8 (68)
where 8 is the mean square (fractiomal) fluctvation in v per unit time,
g? W = 2 vt e (69)

The rate f is smaller than the rate o by the ratio

g8 . 1
s * vmET oo

Hiere [2] is given by Eq. {9). The factor ¥ enters because, when

v = ¢ , substantial changes in cnergy lead to only small changes in the
velocity. The factor Z occurs because znergy loss is due te collisions
with electrons, while angular scattering is due mainiy to collisions with
the nuciei. The factor [2] occurs because the average of 92 involves a
logorithmic integral in Rutherford scattering while the average of

(8v3? ~ 6% does not. In air, R is only a few percent of a . Thus

i e . - e s
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while the contribution to Ax¥ in Eq. (68) rises as a lower power of time
than that from Eq. {62), by the time at which the multipie scattering
becores important, the terms in Eq. (62) are dominant.

As a numerical example, consider an electron beam that starrs with

n

1 Mev {ye¢ = 3) , and let us examine the distribution when the energy has
fallen to 0.5 Mey f{y = 2} . According iv Eq. (22), we will thea have
n*1.7¢9, for air. Then from Eq. (10}, 87 =% 1, so that from Eq. {58},

ot ~ 1/4 . From Eq's G%), (62} and (67} we then {ind

X

3
= sz ’
3
IixZ = é-vt . vV iyt = AzZ = 5 vt .

Thus the lateral spread in position of the particle is about 2/3 of the

mean distance the particles have traveled at this time.

¥e see that the spread in po .1 is appreciable, and could have
noticeable effects if included in Ewv caiculations. We do not propose
that the spatial spread be included in all MP calculations, but believe
tnat the method of Sections (5) and (6), using the average position, is
adequate for most purposes.

However, occasionally we may want to make a calculation including the
full effects of multiple scattering. We belicve that the best way to do
this is to add random velocity changes &v as the equations of wotion of
the Compton electrons are being solved. Then, of course, the factors n
should be removed from the equations of motion. The drag force, which
gives the mean cnergy loss, should probably be left in the equations of
motion. Then to first order, the fluctuations & should be such as to
leave the magnitude v unaltered; however, fluctuations in &V could
also be included, provided the average &v is kept equal to zero.
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It is not necessar, to mezke the probsbi’
match the Rutherford scattering law. Ax )
necessary only to make 882 and OVZ

3 - O\—’
v 4. stribution of Ov
."‘P - -
¢ [3v] « v, it is

have the corrert mean rates of
increase {see, e.g., Eg's (52) and 43)).

8. The Ionization

Ke now turn to another effect of the Compton electrens, namely the

ioprization they produce in the air. This is important because it deter-

mines the electrical conductivity of the air,

It is weil known that fast electrons, in moving through air, produce
onc ion pair for (about) each 34 ev of energy icst by the fast electrons.

Not all of this ionization, however, is produced¢ directly by the fast

electron. Rather, some of the electrons dislodged by the fast electron

have enough cnergy to produce further ionization. Ionization produced

directiy by the fast electron is called the primary ionizatrion, and

further ionization is called the secondary ionization. The secondary
¥ Iy

ionization buirlds wp gradually in time after production of the primary

ionization. The time lag in formation of the secondary ionization is

important for EMP at high altitudes.

The cross section for ionization of atoms by fast electrons was also

computed by Bethe {Reference 53). The cross section has also been measured

for some gases, including N
{Reference 6).

, and 0, , by Schram and collaborators

Using the experimentai data to evaluate uncertain pazrameters
in Bethe's formula, we have deduced the following formula for the ioniza-
tion cross section per atom of air:

"lz 2
o, {air atom) = ZE:&T§£_£§11. HIZ {3l

- » (71)
where a, is the Bohr radius and
(3) mv? 1
= zﬂ -2—v— + an"( -1+ .?2 M (72)
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The number of ion pairs I produced per unit length by the fast electron is

(74)

where N is the density of zir atome, as befc. Comparing this equation
with Eq. (i}, we can compute the energy lost per ion pair of primary ioniza-
tion,

d¥ et Z 11
a TEH OWT O (75)

We have evaluated this result for several electron energies, and obtain the
nuabers in Table 2.

Table 2
¥ = 1.1 1.5 2.0 3.0 4.0
ey . . i
W = 80.0 8.5 85.4 85.4 86.9

t is seen that T does not change much over the -ange ef interest; we
shall use the comnstant value 386 ev/ion nzir.

Thus we find that the total ionization is a facter B86/34 = 2.52 larger

than the primary ionization, i.e., each secondary electron must produce,

directly and indirectly, 1.52 additional electrons, on the average. ¥e¢

need to find out how this residual ionizatien builds up in time.

First, it may occur to the reader that the Auger effect, following ejec-
tion of a K-shell electron, should result in a practically instantaneocus
increase of a few per cent in the number of free clectrons. However, mul-
tiple ionization, including Auger effect, was already included in the

piigiagll v oTutad a0 ot e e

N 2 e e S N e o e R R
" - e ) ;

-~
MIZ = 4,05, V = 16 ev for air. (73)
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experiments of Schram et £1, since they neasured electric current rather

3

b

% than counting ionization evwvats. é

£ 2

3 %

To estimate the time te form the residual ionization, we must know some- b
thing zbout the spectrum of eneryv w of the secondary electrons {i.e.,

3 primary ionization). There appears to be no exverimental data on this spec-

:
trum. Theoretically, it is expected to be approximately of the form dw/w?, ffg
:
%

as in Rutherford scattering. Atomic binding will provide a cutoff of the

divergence at w+Q. We shall therefore assume that the number da of Secen-

dary eiectrons having vnergy indw is: g
3

an - Bl (76) :

Z

To normalize this form to unity, we integrate {rom w=0 to w=i/2, where ¥ %
is the energy of the primary electron; we define the secondary electyon to é
be that one of the two outgoing electrons which has the smaller energy: i’é

W72

l>

) KY_ 7 A :
% I = dn = = arctan('fﬂ*) = 3 q . {77) :
o

In the iast forn heve, we have taken advantage of the fact that W/2y s £
{usually} a very large number.

3
From Equations {76)and (77), we c¢an calculate the mean energy of thr g
secondary electrons: 3
/2 g
%
- 2w widw w LR W ]
ot : X = <4 ey 7
¥z ] h‘ze'ﬂs‘z T L 1"’4l\v:¢.,‘= (78)
o

This result can be used to determine an approximate value for the constant
wy. We have seen above that for each free electron produced, the primary

electron }oses, on the average, 86 ev. Of this, we estimate 20 ev is

expended for the ionization potential and another 10 ev left in excitation
of atoms {or molecules).

Thus the mean kiretic energy ¥ of the secondary
electrons should be about 56 ev. Taking ¥ = 10% ev in Equation {78},
onc then finds:

J S T ey
LN R R S -7_3‘".:;&“!*.“&»



W, = 8.0 ev, (79)

This result seems reasonable, and is probably not in error by more than
0%,

Most of the secondary electrons in the distribution (76) have low

energy. The fraction n(w;) of electrons having w < w; is
. 2 2 (80)
n(w,} = <-arctan T E

which leads to numbers in Table 3

Tabie 3
(wlfwo) = 1 2 3 4 o
n(wl) = 0.50 0.71 0.80 0.85 1

On the other hand, the energy in the secondary electrons is spread
over a large range. The fraction F(wl) of the sc .ondary energy contained
by electrons of energy w <w, 1is

W 2
Zn{l + ;lf—
F(\-,'IJ = S, SO

{81)
tail + B
n( g

4u,

With W = 10% ev and ¥, = 8.0 ev, this formula yields the numbers i
Table 4,

Table 4
W
mﬁl- = ] 10 102 100 10 10°
1}
Fiw ) = 0.03 0.21 0.42  0.62 0.83 1.00
25
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We see that equal amounts of secondary energy are contained in

each decade. Since the amount of secondary ionization is approximately

proportional to the kinetic energy available, the secondary ionization
also will come equally from each decade.

Figure (4) is a graph of o;v for electrons on air atoms, In

plotting this graph we have used experimental data directly, rather than
Eq. (71), which is not very accurate for energies less than about 10° ev.

The initial rate R, of production of ionization by secondary elec-
trons, per secondary electron, 1is

_ _ 2 JiVWoW
R, = N‘f o,v dn = N ‘]' e e ain w) . (82)

A numerical evaluation of this integral leads to the result

R = (1.04 x 107°% cm®/sec.} N . (83)

This rate of production of ionization will not be maintained very
tong. Fig. (5) is a graph of the integrand in Eq. (82), i.e. the factors

multiplying d{fn w). One sees that most of the integral (58/6 of it, in

fact) comes from electrons in the energy decades below about 250 ev.
Accurding to Eq. (81), or the table following it, only ahout 30% of the
total secondary ionization arises from secondavy electrons in this energy

range. The initial iomization rate therefore cannot persist for a time

longer than

. 7
roe 2.3 X 1.53 L 530l o (84)
7 4.04x10 5N N

In fact, the rate shouid have fallen by a factor 4 or 5 by this time,

since the secondaries with enrergy less than 250 ev will have been
exhausted.
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These considerations suggest a way of estimating the ionization
rate at later times. From Fig. {5) we see that the higher energy part of
the differential ionization rate can be fitted quite well by the straight
dashed line, which represents the formula

R, = N {%.leo"e"'3“ du, (85)
where
u = nw (base e}. (86)

On the other hand, from Eq. {81) we see that the fractional amount of
secondary energy per unit u 1s

dF = 0.091 du. (87)

The amount of secondary icnization that will be eventually produced by
dF is therefore

di, = 1.52 dF = 0.138du. (88}

We estimate the lifetime T(u} for producing this ionization to be

_odip _ 10°  ,.su
T = 7/ = 3.3 ¢ . (89)

Thus at time T after production of the secondaries, all of those
secondaries wil! be exhausted which had initial u Jless than

al) = 13 an [ 2.32x10°5NT 1. (90)

The surviving secondaries (of higher energy) are at this time creating
ionization at the rate

29
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Ynax
RCT) = N f (3.2x10-%¢~1"*9) qu, (s1)
u(?)
or, from Eq. {90)

R(D . 3.2x10°% 1 11 (82) :
N 1.3 2.32x1073 |NT NT -
max i
- i i i
= {.106 [—N'.-r" - ;\—,,-r-—ﬂ %
ma: :
3
Here NTmax could be found from Eq. {89) using the maximum u; however, we ;
shall not evaluate T vyet. :

o

First, we shall increase R{T), over the result (92}, by 50% on the
grounds that some of the tertiary electrons made will also produce ioniza-
tion, thus assisting the secondaries; thus we raise the factor 0.106 to

0.160. Second, we write R{T) in a form which also agrees with the result
183) at T=0. Thus we write

FETTT—

o)
R(T} = 1.04x10~"sec /N for T < T“

1 3
SRS DT I T A

it

0 for T>T
max

Tﬁa” can now be found by setting

Tznax dt NTmax
1.52 =f (R(T) = 0.160 il + yo5, ) o

o
which yields

= 3 1 3
NTmax 2.0x10°° sec/cm

T PR e s AL Hlatare wivy i L oY Pror A YL TR 3
v e A WS TER M At AT TRt ariea bsare i R PPTEPSARIE Attty 2 By a
. - : LTS T

} {94)

'fhe amount of secondary ionization

1.(T) produced by time T,
per secondary electron, is

30

m@.\nahh-nwu e 1 A T o LA

e et j
N " s T R LU S S e sy A Y -

s e ot e i e e S
" - N . = 2 I W ol - 0 S




vim e
RS s oo e T T
' .

R ".‘F'.-F.‘-" 7

= 3

1 5

NT
I,(M = o0. . 95
LT 0.160 £n(1+ =G (35)

Thus 1,(T) increases only slowly with time, #nd reaches half its final
value at

wu,m..-.am‘._u.ms.'.._n\'.p:..o_g‘._.,g.limnu.nn‘MAdx;e-t«, s

NT,,F 10°2 8T % 2x10° sec/em® .

(96)

e, A e A

In EMP, one is often interested in the amount of ionization pro-

duced in a time of 10°% second after loss of a given amount of energy by

the primary {Compton recoil electron). Per 34 ev iost by the primary,

the number of ion pairs formed by this time is

e AP et Y LN A *

34 N
N o= 2= |1 +0.160 % -__——-g)] .
ip * %5 [ +0.16 “(1 " T.54x10° ®7

This number is given in Table 5 as a function of altitude. One sces

that the effect of the time lag in formation of the secondary ionization
is an impovtant effect at altitudes above 40 km or so.

TS FEC A L T

Tabie 5

e LI

- “ritude, km 0 10 20 30 40 50
N.

ip 1.00 ©0.98 0.90 0.79 0.69 0.6} :

s aar e

g, Electron Equilibration

Once the secondary, tertiary, etc., electrons have fallen below
1S ev, they can no longer produce additional iomization.

they still lose energy in collisions with air molecules.
field E

about However,
If an electric
is present, the e¢iectrons gain energy from it. After some time,
the electrons reach an equilibrium distribution in energy, in which energy
lost to air molecules is balanced by energy gained from the electric fieid.
This equilibrium distribution depends only on the ratio E/p, where p is the

air pressure, if the air temperature is assumed constant.
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In EMP calculations, it is usually assumed that the electrons
acquire the equilibrium distribution immediately after birth, and also
follow changes in E (or Efp) without time lag. Under this assumption,
such important quantities as the electron attachment rate (to 0;), the
electron drift veiocity nr mobility, and the cascading rate or Townsend

coefficient, depend only on the instantameous value of E/p. Conveniently,

experimental data for these quantities is usually obtained as functions

of Efp. Thus, in this approximation, it is not necessary to knmow the

details of the electron energy distribution.

If we now wish to take into account the deviations from equili-
brium, including time lags, we shall have to introduce parameters which

characterize the electron emergy distribution. The simplest such charac-

terization is to use only the mean energy of the distribution. Actually,

the parameter Ue of electron swarm theory is 2/3 of the mean energy,

in analogy to temperature, zlthough the energy distribution is not Max-
wellian if an electric field is present.

We have seen in Sec. 8 that about 7€% of the clectrons have energy

less than 16 ev at birth. Most of the other 30% drop rapidly (in a

time given by Eq. (84) below 16 ev by producing further ionization. There-
fore, it seems reasonable to start the electrons off, in equilibration

calculations, with a mean energy of about & ev, or U, about 5 ev.

Baum {Ref. 7} has studied the relaxation of Ue, vsing data on
momentum and energy transfer collision frequencies provided by A.V.Fhelps.
e may use Baum's results to appraise the importance of the finite relax-
ation time for EMP calculations.

We take us a typical electric field
I esu = 3xi0* wvolt/meter.

Table 6 then shows, for varicus altitudes,
the equilibrium value of Ue and the time to reach equilibrium, starting

from Ue = 5 ev., One sees that, for the electric fizld assumed, the times

are all less tham 107> second. It therefore appears that the finite

telaxation time cannot have a drastic effect (by altering the effective
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electron mobility) on the peak eleciric field, unless the computed elec-
tric field changes appreciably in 107° secouds.

T T

Tabie 6
altitude, km = 0 10 20 30 40 E
Ue, ey = 0.7 0.35 1.0 1.6 b
time, sec = 7x10710 9x107'?  3x107F?  3xi07!¢  ajpTM? ;

Note that at 40 km, the equilibrium Ue is high cnough that, for a
Maxwell distribution of electron energies, cascading wouid occur rapidly.
However, for high Ue’ the deviations from the Maxwellian distribution
are large. To compute the cascading rate correctly, one would need more
information (than Ue) concerning the electron distribution. However, there
does not appear to be enough basic cross-section data available (currently)
to permit an adequate treatment of the detailed distribution. Thus the
cascading rate can be computed cnly for the equilibrium case, where it is
known from the Townsend coefficient. which has been determined experi-
mentally as a function of E/p. The determination of the cascading rate
from the data on the Townsend coefficient is discussed in Ref. 8.

At low altitude, where cascading noimally is not important, one
could devise a non-equilibrium correction by using Baum's relaxation times.
© would be important to do this oniy if rise times of the electric field

are as short as 107 second.
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